Exactly solvable N -dimensional model of the quantum isotropic singular oscillator in the relativistic configurational r N -space is proposed. It is shown that through the simple substitutions the finite-difference equation for the N -dimensional singular oscillator can be reduced to the similar finite-difference equation for the relativistic isotropic three-dimensional singular oscillator. We have found the radial wavefunctions and energy spectrum of the problem and constructed a dynamical symmetry algebra.
Introduction
The search for exactly-solvable quantum-mechanical systems is one of the interesting concepts in theoretical and mathematical physics. It is well known that the Schrödinger equation can be exactly solved only for specific potentials. Its exact solution history can be traced back to the days of exact solution of the non-relativistic linear harmonic oscillator and Coulomb interaction problems [1, 2] .
The non-relativistic quantum singular oscillator is also one of the exactly solvable problems studied in detail due to its considerable physical interest and a lot of applications [3, 4, 5, 6] . In the non-relativistic quantum mechanics the singular oscillator is trivially related to the linear harmonic oscillator. However, this is no longer true in the relativistic theory.
Recently we constructed a relativistic model of the quantum linear singular oscillator and showed that the approach used there can be generalized for construction of the three-dimensional isotropic singular oscillator model. The purpose of the present paper is to apply the results obtained in [7, 8] to the N-dimensional case. § To whom correspondence should be addressed (azhep@physics.ab.az)
In section 2, we briefly discuss the finite-difference relativistic quantum mechanics. Its generalization to the N-dimensional case is considered in section 3. We propose a relativistic finite-difference model of the isotropic N-dimensional singular oscillator and find its wavefunctions and energy spectrum in section 4. In section 5, we constructed a dynamical symmetry algebra of the model under consideration. Conclusions are given in section 6.
The finite-difference relativistic quantum mechanics
Our N-dimensional model is formulated in the framework of the finite-difference relativistic quantum mechanics [9, 10, 11, 12, 13, 14, 15, 16] . The finite-difference relativistic quantum mechanics possesses many important features of the nonrelativistic quantum mechanics, but unlike non-relativistic quantum mechanics here the wavefunction of the relative motion satisfies a finite-difference Schrödinger type equation. In the case of a local quasipotential V ( r) the equation for the wavefunction of spinless particles with equal masses has the form
The free Hamiltonian operator H 0 is the finite-difference operator with the step equal to the Compton wavelength of the particleλ = /mc, i.e.
where ∆ ϑ,ϕ is an angular part of the Laplace operator and ∂ r = ∂/∂r. The quasipotential V ( r) can be calculated in the framework of the quantum field theory, or introduced phenomenologically. The space of three-dimensional vectors r is called the relativistic configurational space or r-space. The transformation between configurational r-and its canonically conjugate three-dimensional momentum p-space is given by the kernel 
and in the non-relativistic limit they coincide with the Euclidean plane waves
In the case of O(3) symmetrical quasipotentials V ( r) = V (r) (2.1), the angular dependences of the wavefunction ψ ( r) are separated in the standard manner
where l = 0, 1, 2, . . . is the orbital quantum number. The radial wavefunction R l (r) satisfies the equation
and (r/λ)
is a generalized degree [10] .
The N-dimensional case
The N-dimensional relativistic configurational r N -space is introduced in [17] by analogy with the three-dimensional relativistic configurational r-space [9] . Namely, transition to the r N -space
is performed by the expansion in terms of the matrix elements
2)
of the infinite-dimensional unitary representations of the N-dimensional momentum Lobachevsky space motion group SO (N, 1), which is realized on the upper sheet of the hyperboloid
The N-dimensional plane waves obey the completeness and orthogonality conditions are the N-dimensional spherical harmonics [18] :
In the non-relativistic limit Hamiltonian (3.5) coincides with the non-relativistic free Hamiltonian, i.e.
The interacting particles are described by the equation
The free Hamiltonian H 
and therefore an N-dimensional problem is reduced to finding the eigenvalues and eigenfunctions of the radial part of a Hamiltonian
Due to the appearance of the weight function w N (r), 11) in the r N -space orthogonality condition (3.3), inclusion of the multiplier (−r/λ) (
to the expression of the wavefunction ψ N l (r) = (−r/λ) (
allows us to reduce N-dimensional radial equation (3.10) to the simplest form (−r/λ) (
e iλ∂r , V (r) = (−r/λ) (
2 ) V (r) (−r/λ) (
Eq. (3.13) coincides by form with the three-dimensional radial finite-difference equation (2.7).
The relativistic N-dimensional model
Let us consider a model of the relativistic N-dimensional singular oscillator, which corresponds to the following choice of the quasipotential
In the non-relativistic limit we have
In case of dimensionless variable ρ = 
This equation was studied in [8] , where it has been shown that the radial wavefunctions R N l (ρ) are expressed through the continuous dual Hahn polynomials S n (x 2 ; a, b, c) [19] ,
where n = 0, 1, 2, 3, . . . and
The eigenvalues of Hamiltonian (4.2) corresponding to the wavefunctions are
The normalization coefficients C N nl in (4.3) are defined by the condition
A dynamical symmetry
It turns out that the Hamiltoniañ
may be factorized in terms of the difference operators [7] 
∂ρ .
They are a pair of Hermitian conjugate operators. Using a − and a + , one can construct a dynamical symmetry algebra of the relativistic N-dimensional singular oscillator under consideration. The result is as follows [7] .
The lowering and raising operators are
3)
where a generalized momentum operator is
They satisfy the following commutation relations:
Now we define a set of operators
where
]. These operators provide a realization of the SU (1, 1) Lie algebra on the basis elements {R N nl } ∞ n=0 l=0
, i.e.
The operator K 0 , which generates a compact subgroup of SU (1, 1) has a discrete spectrum in a D + (s) representation, which is bounded below and is equal to n + s, where n = 0, 1, 2, . . ., and s is the so-called Bargmann index, s > 0.
With
Thus we obtain algebrically the correct spectrum of the operator H (N )rad = 2 ωK 0 . We note that the action of the operators K ± on the wavefunctions R N nl (r) is defined by the formulae
(5.10)
Conclusion
There are a lot of interesting publications devoted to the study of the various charactiersics and properties of the non-relativistic N-dimensional isotropic harmonic oscillator [20, 21, 22, 23, 24, 25] . Various interesting approaches to generalize the nonrelativistic oscillator exact-solvable models for the relativistic N-dimensional case also exist [17, 26, 27, 28, 29, 30, 31] . In this paper we generalized the relativistic finite-difference model of the istropic three-dimensional singular oscillator [8] to the N-dimensional case. It is exactly-solvable. We determined energy spectrum and wavefunctions of the problem and constructed a dynamical symmetry algebra. The finite-difference operators K + , K − and K 0 generate SU (1, 1) group and K 0 has a discrete spectrum in a D + (s) representation, which is bounded below and is equal to n + s.
It is necessary to note the recent published work [32] , where the dynamical symmetry and factorization scheme is proposed for Hamiltonian leading to eigenfunctions expressed by continuous dual Hahn polynomials. The finite-difference Hamiltonian is formulated in the framework of Ruijsenaars-Schneider approach [26, 27, 28] and therefore, it is different than factorization scheme used here and in [33] . Taking into account that, both of these approaches to solve explicitly the finite-difference equations lead to the close results, we aim to show in detail possible relations and transformations between them as a further step of investigations.
